This paper is concerned with acoustic radiation of the first subharmonic of the forcing frequency in a low-Mach-number excited jet. Two jets with laminar and transitional initial conditions are experimentally studied in the same facility. An acoustic directivity with an extinction angle in the sideline direction is observed for the laminar case (ReD = 6.7 × 10 4 ), that can be interpreted as the radiation of a compact axisymmetric quadrupolar source. A superdirective radiation is measured for the transitional jet (ReD = 1.3 × 10 5 ), that is characterized by an exponential angular variation providing a larger range of the sound pressure level. A wave extrapolation method is developed to interpret the measured near and far pressure fields of these two configurations.
I. Introduction
Mollo-Christensen 1 et al. was one of the first study to stress the importance of organized structures in jet noise. A large number of works were subsequently devoted to the investigation of the role of coherent structures in the jet flow, and especially at the end of the potential core. Thanks to a coherent external acoustic excitation, Crow & Champagne 2 were able to organize and enhance the growth of centerline fluctuations and thus revealed the presence of a preferred mode, the jet column mode. The Strouhal number St D of this mode is in close relation with the Strouhal number of the hump in the far field pressure spectra, St D ≃ 0.3, the exact value depending on the observation angle. The Strouhal number is defined by St D = f D/U j where f is the frequency, D is the jet diameter and U j is the jet exit velocity. Crow & Champagne 2 also investigated the structure of the jet column mode and exhibited large-scale vortex puffs for jets at Reynolds numbers Re D = U j D/ν between 10 3 and 10 4 , where ν is the kinematic viscosity. Laufer 3 suggested that the pairing of vortical structures is a pre-eminent noise mechanism in subsonic jets. Although the coherent process of pairing was quickly recognized to be very unlikely in natural jets, this noise source has been much studied as it constitutes a benchmark for the application of aeroacoustic analogies [4] [5] [6] and for the comparison of basic noise theories.
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In a jet with a laminar initial shear-layer, stable pairing is usually obtained for a suitable excitation.
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Kibens, 10 for instance, obtained a stable cascade of three successive pairing stages by controlling the growth of the most unstable shear-layer mode predicted by the linear stability theory. 12, 13 Pairings occurred at fixed positions and generated discrete noise components, e.g. the first subharmonic of the excitation frequency, f s1 = f ex /2, which is associated to the first pairing, and the second and third subharmonics, f s2 = f ex /4 and f s3 = f ex /8, corresponding to the second and third pairing stages respectively. Bridges & Hussain was proposed by Laufer & Yen 17 to mimic this distribution. This puzzling result was addressed theoretically by Huerre & Crighton, 7 who argued that such an exponential radiation diagram cannot result from a compact source in spite of the very low Mach number of the jet. They therefore developed Lighthill's analogy 20 for a non-compact source in the axial direction, and recovered a similar superdirective antenna factor for a Gaussian distribution of the source term along the shear-layer. Some discrepancies remain however between the predicted acoustic field and the measurements. An alternative approach based on a wavy-wall analogy was later proposed by Crighton & Huerre.
19 Instead of modeling the aeroacoustic source term of the vortex pairing, these authors considered the streamwise distribution of pressure slightly outside the shear-layer and calculated the pressure radiated from this boundary by resolving a wave equation outside the jet. From a Gaussian wave-like distribution, the exponential antenna factor was again recovered.
Motivation and goals
The present work brings further insight into the noise mechanisms associated to vortex pairing in low-Machnumber excited jets, and reports a new experimental evidence of the superdirective radiation backing up the work of Laufer & Yen. 17 Note also that to the best of our knowledge, no other experimental work has been published since the work of Bridges & Hussain 14 to investigate the directivity and the location of the extinction angle in excited jets. In the present work, the two radiation patterns were recovered in the same facility to avoid usual criticisms, such as a possible artefact introduced by the nozzle in the Laufer & Yen experiment.
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The initial conditions are suspected to play a key role. The streamwise dynamics of vortices is indeed strongly controlled by the state of the boundary-layer at the nozzle exit, 21 which probably influences the emitted acoustic radiation. Two jets were investigated, one with a laminar initial shear-layer and the other with transitional initial conditions. The same experimental facility was used in both cases and only the jet velocity U j was varied. An external acoustic excitation was used to control the natural axisymmetric instability wave in the shear-layer and thus to enhance the pairing process, following Zaman & Hussain.
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The two radiation patterns of the vortex pairing were reproduced. For the two configurations, flow properties are carefully documented and characterized to highlight the specific noise mechanisms.
The paper is structured as follows. The experimental procedure as well as the initial flow conditions for the two jets are presented in § 2. Experimental results are reported in § 3 for flow characteristics under forcing and the acoustic radiation of the first subharmonic. These experimental results are analysed in § 4 thanks to a wave extrapolation method developed in Appendix A. A discussion and some concluding remarks are given in § 5.
II. Jet facility and data processing
The experiments were performed with a circular jet of diameter D = 5 cm and for two velocities U j , 20 m.s −1 and 40 m.s −1 , corresponding to Reynolds numbers Re D of 6.7 × 10 4 and 1.3 × 10 5 respectively. The experiments were carried out in the small anechoic wind tunnel (6.10 × 4.60 × 3.80 m 3 , cut-off frequency 100 Hz) of the Centre Acoustique located at Ecole centrale de Lyon. 22 The flow was powered by a variable velocity fan and conditioned by mufflers, mesh screens and honeycombs down to the converging nozzle of area ratio 1/46. The turbulence level in the jet at the nozzle exit was less than 0.3 %, and the jet velocity U j varied by less than 1 % during the experiments. An excitation device constituted by four loudspeakers and cavities enabled to control the shear-layer at the nozzle exit. The acoustic perturbation was generated through a 2 mm-wide slot oriented at θ = 110 o from the jet axis. The nozzle including the speakers was designed to minimize possible acoustic reflexions and to prevent possible feedback. Note also that the nozzle is not baffled, in contrast to the experiments of Laufer & Yen.
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Velocity measurements were made with a 5 µm diameter and 1.25 mm long hot-wire mounted on a Dantec Streamline constant temperature anemometer. The overheat ratio was 0.80 and the frequency response was optimized up to 20 kHz, which is sufficient for the present work. The near pressure field was investigated with a 1/8 ′′ Bruel & Kjaer (BK) microphone and the acoustic far-field with a 1/2 ′′ BK microphone. Velocity and pressure spectra, denoted by u ′ f (m.s −1 ) and p ′ f (Pa) respectively, were measured by a Hewlett-Packard 35652B analyser with a frequency resolution of 8 Hz, and 1000 data blocks were used to compute the power spectral density.
Figures 1(a) and 1(b) display the velocity profiles for the natural jet at two axial locations. Near the nozzle exit, the mean velocity profiles are in good agreement with the Blasius profile, as shown in Figure 1 (a), with a shape factor close to 2.56. Velocity profiles measured at x/D ≃ 0.09 are also plotted in Figure 1(b) . The mean axial velocity profiles are well approximated by a hyperbolic tangent profile. Note that streamwise velocity fluctuations grow by an order of magnitude as U j increases. This is attributed to a Reynolds number effect. Following Zaman's classification,
18 the boundary-layer is laminar at U j = 20 m.s −1 and nominally laminar at 40 m.s −1 . Turbulence levels, as well as other initial flow characteristics, are reported in Table 1 . The natural development of the two jets was also investigated and data can be found in Fleury.
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Boundary-layer
0.0023 0.14 % 2.62 40 m.s Shear-layer Table 1 . Initial flow characteristics in the boundary-layer and in the shear-layer. δ θ is the momentum thickness, u ′ M is the maximum velocity fluctuation at r = r 1/2 in the boundary layer, with r 1/2 defined as U(r = r 1/2 ) = U j /2, or the shear-layer centre (r = D/2), and H is the shape factor. The frequencies f 0 and f 1 are associated to the natural axisymmetric and first helical shear-layer modes respectively.
III. Experimental results
The excitation device was used to control the development of the natural axisymmetric disturbance in the shear-layer and therefore, to organize vortex pairing. The excitation frequency f ex and the excitation level a fex are reported in Table 2 for the two jet velocities. For comparison, Husain & Hussain 24 used excitation levels a fex and a fex/2 of 0.1 % to force a laminar shearlayer. Laufer & Yen 17 mentioned the maximum saturation of u ′ fex /U j along the shear-layer. A fluctuation rate between 2% to 7.6% was measured, which is slightly lower than the levels used in the present study, namely 7.5% for U j = 20 m.s −1 and 11% for U j = 40 m.s −1 . This difference results mainly from the high excitation Strouhal number St δ θ (f ex ) used by these authors, around 0.017 instead of the optimal value 11 of 0.012. 
A. Jet characteristics under forcing

Times traces and spectral analysis
To analyse the influence of the excitation on the stability of the vortex pairing, velocity time traces and spectra were measured in the shear-layer and in the potential core. For U j = 20 m.s probably results from a few stable vortices, which do not break down during the first pairing stage, and thus generate a second subharmonic through their interaction. This contribution of u ′ fs2 is however weak and was not detected in the shear-layer. In the present case, the effects of the excitation are limited to the initial development of the jet, and the flow is turbulent downstream of the pairing-breakdown position. 
B. Acoustic radiation of the first subharmonic
Far-field pressure spectra, not shown here, indicate clearly the presence of the subharmonics of the excitation frequency, without frequency shift in function of the polar angle θ. These components are associated with the noise produced by fixed vortex pairings in the jet, as pointed out by Kibens, 10 Laufer & Yen 17 and Bridges & Hussain.
14 In the following, only the pressure field p ′ fs1 generated by the first vortex pairing process is considered.
In the present work, measurements of p ′ fs1 were made in the very close vicinity of the shear-layer by moving a microphone along the line θ = 10 o in order to follow the slow expansion of the jet. At the origin x = 0, the microphone is located at D/5 approximately from the shear-layer centre r = D/2. These data are reported in Figure 6 The acoustic directivity was also measured at 40 D from the nozzle exit as a function of the angle θ from the dowstream jet axis, and is shown in Figure 6(b) . For the case U j = 20 m.s −1 , the directivity presents a typical extinction angle that is often associated with the radiation of an axisymmetric quadrupolar source. For the case U j = 40 m.s −1 , the radiation is strongly oriented in the downstream direction, with a dynamic of around 25 dB instead of the 15 dB found in the previous case. 
IV. Analysis based on a wavy-wall analogy
A. Acoustic directivity
Although the pairing is confined radially by the shear-layer thickness, its streamwise extent is comparable to the typical wavelength of p ′ fs1 in the near pressure field. 17 The global evolution of fluctuations along the shear-layer is then required for predicting the radiated acoustic field, as developed by Tam & Burton 29 to describe the Mach wave radiation by supersonic jets for instance. This approach was also used by Crighton & Huerre 19 to interpret the superdirective emission by vortex pairing observed in the experiments by Laufer & Yen.
17 These authors postulated the space-time evolution of the subharmonic pressure slightly outside the shear-layer to mimic the experimental results. This distribution has the form of a pressure wave convected in the downstream direction, and modulated by an envelope function E(x) :
where k x stands for the wavenumber and ω for the pulsation of the pairing. In the present section, the wavy-wall model developed in Appendix A is applied with the near pressure field data as input, and the superdirective case is more specifically discussed. For the laminar case U j = 20 m.s −1 , the near pressure field can be modelled with an analytical distribution based on sinusoidal functions :
as shown in Figure 7(a) . B(x, x si , σ e ) is the boxcar function, which is equal to one for |x − x si | < σ e /2 and zero otherwise. The parameter P 21 is the ratio of the pressure amplitude between x s2 and x x1 , and σ e refers to the length-scale of the envelope, taken to be the size of one sinusoidal arch. The expression (11) derived in Appendix A is then used to predict the acoustical directivity in the far field reported in Figure 7 (b). All the parameters involved in the model are taken from the present experiments, and are reported in Table 3 . For completeness, the analytical expression of the radiated pressure is given in Appendix B. The prediction approximates well the measurements and recovers a minimum pressure for θ = 90 o . This value is basically controlled by the phase difference of the fluctuating pressure between the two lobes k x (x s2 − x s1 ), which is taken equal to π in the modeling and provides an exact cancellation in the crosswise direction θ = 90 o .
The most interesting result is perhaps obtained for the transitional case U j = 40 m.s −1 . The near pressure field can be fitted by functions defined from their Fourier transform (7) : along the shear-layer, and (b) acoustic directivity; analytical fit by sinusoidal distribution and associated directivity given by expression (11).
For n = 2, 3 or 4, comparisons with pressure measurements along the shear-layer are in good agreement, as shown in Figure 8(a) . Note that the case n = 2 corresponds to the Gaussian distribution used by Crighton & Huerre 19 to derive an expression of the radiated acoustic field. By applying again the approach derived in Appendix A, the acoustic far-field associated with the distributions E n (x) is given by :
for M p ≪ 1, where M p is the phase Mach number defined from (1) as M p = ω/k x , see also Table 3 . For the far field directivity, only the numerical factor varies with respect to the considered function E n . The calculated directivities are plotted in Figure 8 (b) and a good agreement is found with experimental data for the case n = 3, for which nσ 
B. Near-field sound pressure
The decay of p • , as reported in Figure 9 (b). For U j = 40 m.s −1 , the initial decay of p ′ fs1 is very similar and also indicates an exponential decay of 40 dB, see Figure 10 , and the 1/d decay law is recovered for d > 3D. Favorable comparisons are obtained with n = 3 for the description of the boundary pressure. Note that the pressure decay associated with the Gaussian envelope function, n = 2, is not in good agreement with the experimental data. along the shear-layer, and (b) acoustic directivity; analytical fit by En functions, see definition (2), with n = 2 (Gaussian), n = 3 , n = 4 and associated directivity given by expression (11) . The parameter σn involved in (1) is taken as σ 2 = σe/2 for n = 2, σ 3 ≃ σ 4 ≃ 0.125D for n = 3 and 4. The radial attenuation of the near pressure field is not sensitive to the detailed streamwise distribution of p ′ fs1 along the shear-layer. This result can be emphasized with the expression (15) of the near pressure field for a slowly modulated boundary pressure σ e k x ≫ 1, where σ e is the characteristic length scale of the envelope E in (1). The near pressure decays exponentially according to the distance from the shear-layer centre r − D/2, with an attenuation rate based on k x and with no influence of the form of the function E(x). This asymptotic model describes fairly well our observations, but underestimates the decay rate found experimentally in the near-field. The following empirical expression is found to be more relevant : 
V. Discussion and concluding remarks
In the present work, acoustic radiation generated by vortex pairings in a circular low-Mach-number excited jet has been investigated experimentally for two different initial states of the boundary layer at the nozzle exit. For a laminar boundary layer at the nozzle exit, a stable pairing cascade occurs and the noise radiated by the first subharmonic is close to the theoretical radiation of a compact axisymmetric source. A superdirective radiation has been observed for a transitional boundary layer, with a exponential directivity of the form ∼ exp(β × M p cos θ). These two regimes have been reproduced for the first time in the same facility, and the present experimental work is the second experimental evidence of superdirective emission in jet noise since the work of Laufer & Yen.
17 Specific mechanisms for these two acoustic radiations have been found. In particular, the classical vortex pairing noise and the superdirective radiation have been distinguished according to the vortex dynamics, either stable and very well organized in the first case, or followed by vortex breakdown in the second case.
From a theoretical point of view, these two radiation patterns can be recovered from a wave extrapolation method, as developed in the present Appendix A in following the study of Crighton & Huerre.
19 Such an approach allows to understand the structure of the near acoustic field, and to identify the different involved length scales. Note that similar developments have also been proposed for the acoustic radiation of a Tollmien-Schlichting wave. 30, 31 In the superdirective case, favorable comparisons with experiments are found for a near pressure defined from expression (2) with n = 3, and the pressure amplitude is then found as follows : |p
A possible next step could be to use the direct computation of aerodynamic noise 32 to reproduce these two configurations by controlling separately Reynolds and Mach numbers. Mean flow propagations effects would be included and would allow to discuss more precisely the presence and the location of an extinction angle for the far-field directivity.
